In this paper, we show the existence and multiplicity of nontrivial non-negative solutions of the fractional p-Kirchho problem
Introduction
In this work, we study the existence and multiplicity of solutions for the following p-Kirchho equation: and M(t) = a + bt, a, b > . Moreover, we have that p ≥ , < q < p < r ≤ p * s , ps < n < ps with s ∈ ( , ), λ is a positive parameter, Ω ⊂ ℝ n is a bounded domain with smooth boundary and f and g satisfy the following assumptions: (f ) f ∈ L r/(r−q) (Ω) and g ∈ L ∞ (Ω), (f ) f + (x) = max{f(x), } ̸ ≡ inΩ and g + (x) = max{g(x), } ̸ ≡ inΩ (f and g are possibly sign changing onΩ). The fractional p-Laplacian operator is a quasilinear generalization of the fractional Laplace operator (−∆) s .
In this work, we would like to study the existence and multiplicity of solutions for problem (P λ ) with sign changing convex-concave type nonlinearity. A subcritical problem of this type is studied in [ ] with M = . The presence of M(‖u‖ p X ) in the weak formulation requires the compactness of Palais-Smale sequences to obtain the solution. In order to show the existence of solution, we need to show the strong convergence of Palais-Smale sequences which is not the case for M ≡ . We prove the strong convergence of Palais-Smale sequences using the concentration compactness of Lions [ ]. The growth of Kirchho term makes the study of fibering analysis more complicated. Starting from the pioneering work of Ambrosetti, Brezis and Cerami [ ] , there are many works on multiplicity results with convex and concave type nonlinearities. These results were generalized to p-Laplacian type equations by many authors, see [ , ] and references therein.
During the last decade, several authors used the Nehari manifold and associated fiber maps to solve semilinear and quasilinear elliptic problems when the nonlinearity changes sign. In [ , , ] , the authors studied the existence and multiplicity of solutions for subcritical and critical nonlinearities via the Nehari manifold method for semilinear equations and in [ ], the results were studied for the p-Laplacian equation.
In [ ], the authors considered the following Kirchho equation:
where < q < < p < * and f(x) and g(x) are sign changing continuous functions. They studied the existence and multiplicity problem by studying the structure of the Nehari manifold in the following three cases: (i) p < , (ii) p = and (iii) p > . The above problem is called non-local because of the presence of the integral over Ω. It means that (P λ ) is no more a point wise identity. Non-local operators naturally arise in several physical and biological models such as continuum mechanics, phase transition phenomena, population dynamics and game theory (see [ ] and references therein). The fractional Laplacian operator has been a classical topic in Fourier analysis and nonlinear partial differential equations for a long time. Fractional operators are also involved in financial mathematics, where Lévy processes with jumps appear in modeling asset prices, see [ ]. The critical exponent problems for the square root of the Laplacian were studied in [ , ] . The Brezis-Nirenberg type results for the fractional Laplacian (−∆) s , ( < s < ) were studied in [ , , ] . In [ ], the authors studied the Nehari manifold for the square root of the Laplacian by considering the harmonic extension of solutions in the half cylinder Ω × ( , ∞) vanishing on the boundary ∂Ω × [ , ∞). The idea of these harmonic extensions was initially introduced and studied in the beautiful work of Ca arelli and Silvestre [ ]. In [ ], existence of solutions for p-fractional Laplacian equations with sign changing nonlinearities were studied via the method of Nehari manifold. The Kirchho equations with Laplacian and p-Laplacian operators were widely studied by many authors using variational methods ( see [ , , , ] and references therein).
In [ ], the authors considered the following Kirchho equation with fractional Laplacian:
where λ is a positive parameter and f(x, t) is a subcritical term having superlinear growth at t = . They studied the existence of mountain pass solutions using the concentration compactness principle of Lions for fractional Sobolev spaces [ ]. To the best of our knowledge, there are no works in the literature dealing with the Nehari manifold and p-fractional equations with sign changing nonlinearities to study the existence and multiplicity problem. In this work, we prove the existence of multiple non-negative solutions for the Kirchho elliptic equation with p-fractional operator and sign changing nonlinearity by studying the nature of the Nehari manifold with respect to the parameter λ and fiber maps associated with the Euler functional. In the subcritical case, we show the existence of local minimizers of the associated functional on nonempty decompositions of the Nehari manifold. We show the multiplicity by extracting Palais-Smale sequences in the Nehari manifold. The results obtained here are somehow expected but we show how they arise out of the nature of the Nehari manifold. For this we adopt the approach in [ ]. We also prove an existence result for the critical case using the concentration compactness lemma for a suitable range of λ.
The natural space to look for solutions is the fractional Sobolev space W s,p (Ω). In order to study (P λ ), it is important to encode the "boundary condition" u = in ℝ n \ Ω in the weak formulation. In [ , ] , it was observed that the interaction between Ω and ℝ n \ Ω gives a positive contribution in the norm ‖u‖ W s,p (ℝ n ) . In these articles, new function spaces were introduced to study the variational functionals related to fractional Laplacian. Subsequently, in [ ], the authors studied p-fractional equations on the function spaces defined as follows: For < p < ∞, p ̸ = , define the space X as
where Q = ℝ n \ (CΩ × CΩ) and CΩ = ℝ n \ Ω. Then, the space X endowed with the norm
is a reflexive Banach space. It is immediate to observe that C c (Ω) ⊆ X. The function space X denotes the closure of C ∞ (Ω) in X. The space X is a Banach space which can be endowed with the norm
Note that in equations ( . ) and ( . ), the integrals can be extended to ℝ n , since u = a.e. in ℝ n \ Ω. The Energy functional associated to problem (P λ ) is given by
The Nehari set N λ associated to problem (P λ ) is defined as
where ⟨ ⋅ , ⋅ ⟩ is the duality between X and its dual space. First we show that, the set N λ is a manifold for small λ.
Theorem . . There exists λ > such that N λ is a C manifold for all λ ∈ ( , λ ).
We show the following existence and multiplicity theorems for all λ ∈ ( , λ ) in the subcritical case. We remark that these results are sharp in the sense that for λ > λ , it is not clear if N λ is a manifold.
Theorem . . Let r ∈ ( p, p * ). Then, (P λ ) has at least two solutions for λ ∈ ( , λ ).
For the second theorem, we consider the following minimization problem
Using direct methods of calculus of variations, we can show that Λ > and is achieved by u Λ ≥ in Ω.
Theorem . . Let r = p and let Λ be as in ( . ). Then, the following hold:
(i) Problem (P λ ) has at least one solution for all λ > .
(ii) For b < /Λ, there exists λ > such that (P λ ) has at least two solutions for λ ∈ ( , λ ).
For our next result, we use the following version of [ , Lemma ].
Lemma . . Let u be a non-negative solution of
where
Proof. Let u be a non-negative solution of ( . ).
By ( . ) and the fact that M(s) ≥ a for all s, we see that
for some positive constants C and C . Now for r < p, we have
Since u solves ( . ), multiplying ( . ) by u and integrating by parts, we get
Then, we have the following theorem.
Theorem . . Let r < p andÂ be as defined in ( . ). Then, the following hold:
Finally, in the case of critical nonlinearity, we have the following theorem.
Theorem . . Let r = p * s and g(x) ≡ . Then, there exists λ > such that (P λ ) admits at least one solution for all λ ∈ ( , λ ).
The paper is organized as follows. In Section , we introduce the Nehari manifold for (P λ ) and show that the associated Euler functional is bounded below on this manifold. Section contains the existence and multiplicity results in the subcritical case. In Section , we have the existence of a nontrivial solution in the critical case.
The Nehari manifold for (P λ )
In this section, we describe the nature of the Nehari manifold corresponding to problem (P λ ). In the case r ≥ p, the functional J λ is not bounded below on X sinceM(t) ∼ t p as t → ∞. We will show that it is bounded on some suitable subset of X and on minimizing J λ on these subsets, we get the solutions for problem (P λ ). From the definition of N λ , u ∈ N λ if and only if
We note that N λ contains every non zero solution of (P λ ). Now as we know, the Nehari manifold is closely related to the behavior of the functions ϕ u : ℝ + → ℝ defined as ϕ u (t) = J λ (tu). Such maps are called fiber maps and were introduced by Drabek and Pohozaev in [ ]. For u ∈ X , we have
Then, it is easy to see that u ∈ N λ if and only if ϕ ὔ u ( ) = . Thus, it is natural to split N λ into three parts corresponding to local minima, local maxima and points of inflection. For this, we set
Also, we define
Then,
We also note that ϕ tu and ψ u satisfy
Lemma . . If u is a minimizer of J λ on N λ such that u ∉ N λ , then u is a critical point for J λ .
The details of the proof can be found in [ ]. Define
Lemma . . The energy functional J λ is coercive and bounded below on N λ .
Proof. For u ∈ N λ , using Hölder's inequality, we have
Thus, J λ is coercive and bounded below in N λ for r > p.
Lemma . . There exists λ > such that N λ = for all λ ∈ ( , λ ).
Proof. We consider two cases.
Now,
Case : u ∈ N λ and ∫ Ω f(x)|u| q dx ̸ = . Suppose u ∈ N λ . Then, from equations ( . ) and ( . ), we have
Then, from equation ( . ), E λ (u) = , for all u ∈ N λ , Also,
Now, from equation ( . ), we get
Using equation ( . ), we get
This implies that there exists λ > such that for λ ∈ ( , λ ), E λ (u) > for all u ∈ N λ , which is a contradiction. Hence, N λ = ϕ. Now the proof of Theorem . follows from the implicit function theorem and Lemma . .
Existence and multiplicity results in the subcritical case
In this section, we prove the existence and multiplicity results for the case r < p * s . We need the following Lemmas.
Lemma . . Every Palaise-Smale sequence of J λ has a convergent subsequence. That is, if {u
then {u k } has a convergent subsequence.
Proof. Let {u k } be a sequence satisfying equation ( . ). Then, it is easy to verify that {u k } is bounded in X . So up to subsequence, u k ⇀ u λ weakly in X , u k → u λ strongly in L q (Ω), ≤ q < p * s , and u k (x) → u λ (x) a.e. in Ω. Now by the compactness of the embedding X → L α (Ω) for all α < p * s , we have
Lemma . . (i) For every u ∈ H
it is easy to see that lim t→ + ψ ὔ u (t) > and lim t→∞ ψ ὔ u (t) < . So there exists a unique t max = t max (u) > such that ψ u (t) is increasing on ( , t max ), decreasing on (t max , ∞), ψ ὔ u (t max ) = and
where t max is the root of
Now from equation ( . ), we get
Using inequality ( . ), we have
then there exists unique t + = t + (u) < t max and t
(ii) Let u ∈ H + ∩ G − . Then, from equation ( . ), we note that ψ u (t) → ∞ as t → ∞. Also, ψ ὔ u (t) > for all t > . Hence, for all λ > there exists t * > such that t * u ∈ N + λ and J λ (t * u) = min t≥ J λ (tu).
Lemma . . There exists a constant C
Therefore,
Lemma . . For a given u ∈ N λ and λ ∈ ( , λ ), there exists ϵ > and a di erentiable function ξ :
Proof. For fixed u ∈ N λ , define F u : ℝ × X → ℝ as follows:
So we can apply the implicit function theorem to get a differentiable function ξ : B( , ϵ) ⊆ X → ℝ such that ξ( ) = , equation ( . ) holds and F u (ξ(w), w) = for all w ∈ B( , ϵ). This implies
Proof. Using Lemma . and Ekeland's variational principle [ ], there exists a minimizing sequence
Using equation ( . ), Lemma . and Hölder's inequality, we get u k ̸ ≡ . Next, we claim that ‖J ὔ λ (u k )‖ → as k → ∞. Now using Lemma . , we get the di erentiable functions ξ k :
Using the mean value theorem, lim n→∞ |ξ k (v ρ ) − |/ρ ≤ ‖ξ k ( )‖ X and taking the limit as ρ → , we get
for some constant C > , independent of ρ. So if we can show that ‖ξ ὔ k ( )‖ X is bounded then we are done. Now from Lemma . and Hölder's inequality, we get
So to prove the claim we only need to prove that the denominator in the last equation is bounded away from zero. Suppose on the contrary that is not. Then, there exists a subsequence u k such that
From equation ( . ), we get E λ (u k ) = o k ( ) and
Now following the proof of Lemma . , we get E λ (u k ) > for large k, which is a contradiction. Hence, {u k } is a Palais-Smale sequence for J λ .
Proof of Theorem . . Using proposition . and Lemma . , there exist minimizing subsequences {u Now to prove Theorem . , we need the following lemmas.
Lemma . . Let r = p and Λ be defined as in ( . ) . Then, the following hold:
Also, from equations ( . ), ( . ), Hölder's inequality and Sobolev's inequality, we get
where S r is the Sobolev constant for embedding X in L r (Ω). Now from equations ( . ) and ( . ), we get
Thus, for λ < λ , we have that N λ = ϕ.
Lemma . . For r = p and b ≥ /Λ, there exists a unique < t + < t max such that t + u ∈ N λ , whenever u ∈ H + . Also,
Proof. Using equation ( . ) and ( . ) for r = p, we have
Observe that ψ ὔ u (t) > for t > . So for u ∈ H + , there exists a unique t
Lemma . . For r = p and b ≤ /Λ, there exists a unique t max (u) > such that the following hold: (i) For u ∈ H + , there exists λ > and unique t ± , t + (u) < t max (u) < t − (u), such that t ± u ∈ N ± λ and
Proof. (i) From equations ( . ) and ( . ), we have t max > such that To prove Theorem . , we need the following lemmas.
Lemma . . The energy functional J λ,k is coercive and bounded below on N λ,k .
Hence, u 
